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ABSTRACT 

This work proposes a new approach for processing blurred images and retrieving their 

PSF. The proposed technique works in the cepstral domain, but unlike existing cepstral 

domain methods, that are only able to recover close to rectilinear kernels, any type of 

kernel can be reconstructed. 

Aside from the base algorithm, filters aimed at correcting the results are also 

implemented. Numerous other improvements are mentioned, basing the explanations on 

already implemented methods. 

Results are offered for an artificially convolved image with a large kernel, a naturally 

blurred image having a large kernel and a naturally blurred image having a small kernel. 

This method offers good results on all of them. 

KEYWORDS: single image deblurring, deblurring survey, cepstrum analysis, PSF 

retrieval. 

 

1. INTRODUCTION 

The motivation behind this paper was to implement a blind deblurring method that relies 

only on natural assumptions: the PSF is present on the entire image (limiting the approach 

to uniform motion blur) and the image contains sufficient non-repetitive information (a 

small pattern that is present all over the image could be mistaken for the kernel). 

The method is based on properties of the cepstrum domain, described in the chapters to 

come. Other recent advances on the problem at hand are presented in [35][37]. 

This paper concludes the work done during the 2 years of master studies at the faculty of 

Automatics and Computers from the “Politehnica” University of Bucharest by the author 

of [36] and provides a new method for reconstructing the alteration kernel from a 

corrupted image during the phase of blind image deblurring, thus continuing the work 

presented in [38]. 
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2. PROPOSED METHOD 

2.1. Cepstrum domain 

The cepstrum was firstly defined in 1963 by Bogert et al. as: 

( )  2
21 log_ tfFourierFouriercepstrumpower −=  

Or in a more intuitive form: 

1log −−−− FourierabsFourier  

The domain of application was human speech, which naturally doesn't emit clean 

sinusoids that can be visualized on a Fourier transform as a clear spike. The vocal chords 

vibrate not only at a single defined frequency but also generate harmonics (consonant 

higher frequencies). Inside the vocal tract, some harmonics are amplified and other 

diminished. If the frontier analysis is to be applied directly to thin signal one would have 

to choose from the multitude of spikes present at every moment at different frequencies 

making even the simplest of sounds hard to interpret. These echoes, or harmonics, form a 

wave-like (sinc) shape in the frequency domain. By applying logarithm and taking the 

Fourier transform again the waves end up in a single spot. Thus, all the harmonics 

generate a single impulse on the cepstral graph. 

The idea that started research in the PSF estimation of a blurred image in the cepstral domain 

was that inherently the cepstrum transforms the multiplication from the frequency domain into 

a summation in the quefrency (cepstral; reversal of letters from 'frequency') domain. This is 

because applying logarithm on the multiplication gives the sum of logarithms. 

( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )tvGFouriertvFFouriertvGvFFourier logloglog 111 −−− +=  

 

Figure 1. Short time Fourier transform contains many harmonics while the Cepstrum gathers all the 

harmonics in a single spot. 

2.2. Power cepstrum observation 

After the initial definition, multiple types of cepstrum were developed and found 

application in other kinds of signal analysis: 

• The power considers as input the amplitude of the first Fourier transform 

• The real cepstrum receives as input the real part of the Fourier transform 
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• The complex cepstrum considers the entire output data of the first transform, thus 

it is fully reversible to the original signal 

In our problem, the convolution signal is present on the entire image surface, thus it 

would be useless to try to find information in the phase of the Fourier transform. Having 

this in mind and establishing that the phase is forever lost in the computation, the signal 

must be reconstructed from the remaining elements: the amplitude of the frequencies. 

This is the first observation. 

 

 

Figure 2. Reversible functions in the Fourier transform. 

The second refers to the shapes of the kernels and some important shapes for the Fourier 

transform: Any motion blur kernel can be created from a filiform shape (movement of the 

camera) and a Gaussian (defocus). These two functions remain the same after two 

consecutive Fourier transforms. That is why a slightly modified cepstrum is used: instead 

of calculating the inverse of the Fourier in the second step, the direct Fourier transform 

will be applied again. 

The importance of this observation is that the shape of the motion blur kernel (which split 

into the rows of columns is a square convolved with a Gaussian) is preserved in the 

Cepstrum transform. So this is the theory behind the geometrical cepstrum methods. What 

wasn't taken into account was the fact that the phase was lost, the recovered signal being a 

combination of transformed original kernels. 

2.3. Baseline method for PSF reconstruction 

Based on the observations made earlier, after applying the Power Cepstrum transform, the 

result is an image that has the shape of the general image but no phase. 

The fact that the image is random, from the point of view of the phase, but the kernel is 

present on the entire surface, this means that the kernel's characteristics will be at most N 

times stronger than the latent (clear) image's characteristics, because it is present in all N 

pixels of the image and in the Cepstrum domain it will be over-imposed on the same 

pixels. This means that the shape of the kernel with the phase lost would be strongly 

evident. 
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Figure 3. Left to right: the blur kernel; Cepstrum of a blurred image; autocorrelation of the kernel 

In (Figure 3, center) the image is mapped almost randomly over the entire surface of the 

Cepstrum, but a stronger shape steps out of the picture, which resembles the actual PSF. 

At closer inspection of the kernel autocorrelation, it is evident that it is the same shape, 

and this is the second observation. Thus, the problems remaining are those of filtering the 

Cepstrum and resolving the de-autocorrelation. 

2.4. De-autocorrelation 

The autocorrelation represents the process of correlation of a signal with itself. It would 

seem a straightforward problem of finding a signal from the autocorrelation, as the 

autocorrelation is the multiplication with the complex conjugate in the frequency domain: 

( ) ( ) ( )( )tFtFFourierTR ff = −1
 

In this situation, the phase becomes 0 so this is the same problem. There is an infinite 

number of functions that autocorrelated generate the same signal! 

In conclusion, our problem becomes that of offering enough extra information in order to 

limit the number of possible functions. The multiple projection method [26] is used for 

achieving this objective. 

2.5. The multiple projection method 

 

Figure 4. Projection of 2D images on 3D space. Image from [34] 

The basic idea is this: the input is an image that lost its phase in the frequency domain but 

must satisfy some constraints in the spatial domain and the amplitude in the frequency 

domain is known. This is the same problem as generating a 3D image from multiple2D 

images. 
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So the base algorithm is this: 

1. Take the estimated autocorrelation 

2. Compute the Fourier Transform 

3. Satisfy the constraints in the Fourier transform (the 

amplitude should be the initial image) 

4. Calculate the Inverse Fourier transform 

5. Satisfy the constraints in the spatial domain (ex: the 

image should be real, positive, less than 255) 

6. Go back to step 1 with the new image 

Figure 5. How to generate a phase that respects both spatial and frequency constraints. 

When a change is made in the spatial domain, a phase is generated and the amplitude is 

distorted. Going back to the frequency domain and changing the amplitude, the spatial 

image is distorted. Iteratively the image will get to the point of satisfying both conditions. 

The problem is to find enough restrictions in order to limit the infinite number of 

functions that autocorrelated generate the observed signal. 

The constraints used in the program include: the image must be real, positive, have values 

smaller than 255, centered in a square the dimension of the estimated kernel; all of these 

with an epsilon tolerance, directly proportional to the level of noise in the estimated 

autocorrelation. The tolerance is needed because with the noise the exact restrictions 

cannot be met. 

2.6 Filtration techniques 

As observed in (Figure 3, center), the deduced kernel has a very small signal to noise ratio 

rendering it impossible to use the already too unstable projection method. 

2.6.1 Multiple patches 

By instinct, we are tempted to use only the patches of the image in which the PSF is 

evident. 

In order to find the best patches, an estimated PSF is correlated with the image, thus 

generating high-intensity spots where the PSF is the most evident. 

In the frequency domain, the correlation is the multiplication with the conjugate, as seen 

earlier. The problem is that a light part of the image ends up being white on the 

correlation result, distorting the data. 

The normalized cross-correlation removes the image's influence: 

( )( ) ( )( )


−−
=

yx TF
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,

,,1


 

Where n  is the number of pixels in the kernel and image, F  is the sub-image under the 

kernel and K  the kernel,   the standard deviation and F , K  the means. In other 

words, for every over imposing of the kernel on the image, calculate the standard 

deviations of the kernel and region from the image; their means; subtract the means from 
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the regions and divide by the deviations and normalize by the number of pixels. Put the 

result in the current pixel. 

As the correlation has great complexity, it cannot be used directly. The implementation 

idea comes from Industrial Light and Magic: [27]. The mean and the deviations of the 

image are calculated by a progressive sum and the actual correlation is done in the 

frequency domain. 

As all colors have the same movement applied, 3 times more data can be used by 

combining the colors along with the best image patches. 

The selection algorithm works by choosing the most intense points from the cross-

correlation, in order, but doesn't choose overlapping windows in order not to influence an 

object in the image multiple times. 

The combination of the patches is done using the difference between them. The PSF's 

characteristics must be present in all of the images because only the best patches were 

selected. So the more different an image is the less influence it will have in the 

combination because it means that it contains more image information than more kernel 

information. 

 

Figure 6. Selected patches from a blurred image, their cepstrum and the combination result. 

2.6.2 Margins removal 

Another problem that is evident is the cross in the middle. It is generated by the abrupt 

margins of the patches. A solution could be to blur the margins, but this would just 

generate another type of artifact because it would be present on every patch. 

The idea used here is to apply logarithm on the image in order to get the lines uniform 

(because a square generates a sinc in the frequency domain. Applying logarithm to a sinc 

generates a more uniform function, thus the edges will have almost equal intensities from 

the center to the margins), and delete the margins from the entire cepstrum. Deleting is 

done by actually removing the values from the margins from the entire cepstrum patch. 

This implies that the estimation of the kernel must be 2px larger than the kernel itself. 
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Figure 7. Autocorrelation with margins removed. 

2.6.3 Noise removal 

The last step is removing the remaining noise. Because it isn't a frequency dependent 

noise, but rather random, it can't be done in Fourier space. That is noise removal will be 

done using the spatial domain. 

Noise reduction starts with computing the Laplace pyramid. Noise only regions are 

deduced by automatically selecting the most uniform patch from the image. All the 

frequencies present in the Laplace pyramid that are smaller than those deduced in the 

uniform region will be removed. 

In order to increase the influence of filiform kernels, a derivative of the input image can 

be applied before inserting it in the application. 

 

Figure 8. From left to right: kernel from derivation image; filtered kernel using Laplace pyramid. 

Now the kernel's autocorrelation is highly evident and De-autocorrelation can begin. 

 

Figure 9. From left to right: actual kernel; deduced kernel; filtered and rotated kernel 

Because the autocorrelation is symmetrical, the deduced kernel can possibly have 

reversed Orientation. 
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Finally, by means of inverse filtering, with the obtained kernel on the input image, the 

clear image is restored. 

3. RESULTS 

 

Figure 10. Automatic blind deblurring of an artificially blurred image. 

 

Figure 11. Automatically blind deblurring of a naturally blurred image 
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Figure 12. Automatically blind deblurring of a real X-ray (pre-filtered of noise). Bottom 2x zoom 

and normalization. 

4. CONCLUSIONS 

The presented method is a new approach for estimating the Point Spread Function of an 

image corrupted by convolution, a method that doesn't rely on opaque assumptions to 

generate the result. It is based on the work presented in detail in [36]. The different and 

lite assumptions made in this approach make it useful in combining the results with 

results from other existing approaches in voting-like systems [29][30][31] in order to 

obtain a better output than any individual one. 

The method proves to be robust for strong motion blur and can also be used to correct 

small defocus aberrations. What was presented is only the base algorithm, with minor 

deduction improvements. As future work, all the correction steps mentioned in the related 

work chapter can be applied, along with some improvements in the existing 

implementation: 

• Remove the waves by generating a gradient border around the image by utilizing 

the algorithm presented in the ringing artifact removal 

• Use one of the better multiple projection algorithms,  as this is the simplest and 

has the possibility to fall in a local minimum 

• Add support for non-uniform motion deblurring by splitting the image into layers 

and selecting patches from the current layer 

• Add a preprocessing phase for eliminating noise and superimposing it on the 

result (in order not to lose the look and feel of the image or details that were 

wrongly classified as noise) 

• Add gamma correction and outliers handling 
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